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Abstract
Using Girsanov transformations we construct from sticky reflected Brownian motion on
[0,∞) a conservative diffusion on E := [0,∞)n, n ∈ N, and prove that its transition semi-
group possesses the strong Feller property for a specified general class of drift functions. By
identifying the Dirichlet form of the constructed process, we characterize it as sticky reflected
distorted Brownian motion. In particular, the relations of the underlying analytic Dirichlet
form methods to the probabilistic methods of random time changes and Girsanov transforma-
tions are presented. Our studies are motivated by its applications to the dynamical wetting
model with δ-pinning and repulsion.
Mathematics Subject Classification 2010. 60K35, 60J50, 60J55, 60J35 , 82C41.
Keywords: Sticky reflected distorted Brownian motion, strong Feller properties, Skorokhod
decomposition, Wentzell boundary condition, interface models.
1 Introduction
In [FGV16] the authors constructed via Dirichlet form techniques a reflected distorted Brownian
motion in E := [0,∞)n, n ∈ N, with sticky boundary behavior which solves the system of stochastic
differential equations
dX it = 1(0,∞)
(
X it
) (√
2 dBit + ∂i ln ̺
(
Xt
)
dt
)
+
1
β
1{0}
(
X it
)
dt, i ∈ I, (1.1)
or equivalently
dX it = 1(0,∞)
(
X it
) (√
2 dBit + ∂i ln ̺
(
Xt
)
dt
)
+ dℓ0,it ,
with ℓ0,it :=
1
β
∫ t
0
1{0}
(
X is
)
ds, i ∈ I, (1.2)
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weakly for quasi every starting point with respect to the underlying Dirichlet form. Here I :=
{1, . . . , n}, β is a real and positive constant and (Bit)t≥0 are one dimensional independent standard
Brownian motions, i ∈ I. ̺ is a continuously differentiable density on E such that for all B ⊂ I, ̺ is
almost everywhere positive on E+(B) with respect to the Lebesgue measure and for all ∅ 6= B ⊂ I,√
̺
∣∣
E+(B)
is in the Sobolev space of weakly differentiable functions on E+(B), square integrable
together with its derivative, where E+(B) := {x ∈ E
∣∣ xi > 0 for all i ∈ B, xi = 0 for all i ∈ I\B}.
̺ continuously differentiable on E implies that the drift part ∇ ln ̺ is continuous on {̺ > 0}.
Moreover, ℓ0,it is the central local time of the solution to (1.1), i.e., it holds almost surely
ℓ0,it =
1
β
∫ t
0
1{0}
(
X is
)
ds = lim
ε↓0
1
2ε
∫ t
0
1(−ε,ε)
(
X is
)
d〈X i〉s.
A solution to the associated martingale problem is even provided under the weaker assumptions
that ̺ is almost everywhere positive, integrable on each set E+(B) with respect to the Lebesgue
measure and that the respective Hamza condition is fulfilled.
This kind of stochastic differential equation is strongly related to the sticky Brownian motion on
the half-line [0,∞) (which is occasionally also called Brownian motion with delayed reflection or
slowly reflecting Brownian motion). In [EP14] the authors study Brownian motion on [0,∞) with
sticky boundary behavior and provide existence and uniqueness of solutions to the SDE system
{
dXt =
1
2
dℓ0+t
(
X
)
+ 1(0,∞)
(
Xt
)
dBt
1{0} dt = 1µ dℓ
0+
t
(
X
)
,
(1.3)
for reflecting Brownian motion X in [0,∞) sticky at 0, where X := (Xt)t≥0 starts at x ∈ [0,∞),
µ ∈ (0,∞) is a given constant, ℓ0+(X) is the right local time of X at 0 and B := (Bt)t≥0 is the
standard Brownian motion. In particular, H.-J. Engelbert and G. Peskir show that the system
(1.3) has a jointly unique weak solution and moreover, they prove that the system (1.3) has no
strong solution, thus verifying Skorokhod’s conjecture of the non-existence of a strong solution in
this case. For an outline of the historical evolution in the study of sticky Brownian motion we
refer to the references given in [EP14] and also to [KPS10].
In view of the results provided in [EP14], the construction of a weak solution as given in [FGV16]
is the only reasonable one. However, the construction via Dirichlet form techniques has the well-
known disadvantage that the constructed process solves the underlying stochastic differential equa-
tion only for quasi-every starting point with respect to the underlying Dirichlet form. Hence, in
the present paper we construct a transition semigroup by Girsanov transformations and investigate
its properties in order to strengthen the results of [FGV16]. In this way, we obtain a diffusion with
strong Feller transition function which solves (1.1) for every starting point in the state space E
and furthermore, we also show an ergodicity theorem for every starting point in the state space E
under the assumptions on the density given in Condition 2.2. Moreover, we establish connections
between the analytic Dirichlet form construction and classical probabilistic methods. Under an
additional condition we even conclude uniqueness of weak solutions to (1.1) (see Remark 4.8).
In the theory of Dirichlet forms it is a common approach to use results of the regularity theory
of elliptic partial differential equations in order to deduce that the associated resolvent and semi-
group admit a certain regularity and thereby, it is possible to construct a pointwise solution to
the underlying martingale problem or stochastic differential equation for an explicitly known set
of starting points under very weak assumptions on the density ̺. For example, this has recently
been realized in case of distorted Brownian motion on Rd, d ∈ N, in [AKR03], in case of absorbing
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distorted Brownian motion on Ω ⊂ Rd, d ∈ N, in [BGS13], in case of reflecting Brownian motion
on Lipschitz domains in [FT96] and in case of reflecting distorted Brownian motion on Ω ⊂ Rd,
d ∈ N, under some smoothness condition on the boundary ∂Ω in [FG07] and [BG14]. However,
in the present setting which involves not only the Lebesgue measure but also multiple measures
on the boundary of the state space E due to the product structure of the problem, the elliptic
regularity theory is not yet investigated and from our present point of view the required results
are out of reach. For this reason, we choose the probabilistic approach of random time changes
and Girsanov transformations in order to obtain a strong Feller transition semigroup which seems
to be a new approach in this area.
Our results apply to the so-called wetting model with δ-pinning and repulsion (also refered to
as the Ginzburg-Landau ∇φ interface model with δ-pinning and entropic repulsion) and are of
particular interest in view of a scaling limit in dimension d = 1. More precisely, in a finite volume
Λ ⊂ Zd, d ∈ N, the scalar field φt :=
(
φt(x)
)
x∈Λ, t ≥ 0, is described by the stochastic differential
equations
dφt(x) = −1(0,∞)
(
φt(x)
) ∑
y∈Λ
|x−y|∞=1
V ′
(
φt(x)− φt(y)
)
dt
+ 1(0,∞)
(
φt(x)
)√
2dBt(x) + dℓ
0
t(x), x ∈ Λ, (1.4)
subject to the conditions:
φt(x) ≥ 0, ℓ0t(x) is non-decreasing with respect to t, ℓ00(x) = 0,∫ ∞
0
φt(x) dℓ
0
t(x) = 0,
βℓ0t(x) =
∫ t
0
1{0}
(
φs(x)
)
ds for fixed β > 0,
where ℓ0t(x) denotes the local time of φt(x) at 0. Here |·|∞ denotes the sup-norm on Rd, V ∈ C2(R)
is a symmetric, strictly convex potential and
{
(Bt(x))t≥0 | x ∈ Λ
}
are independent standard Brow-
nian motions. In dimension d = 2 this model describes the wetting of a solid surface by a fluid.
More details on interface models are e.g. presented in [Gia02], [Fun05].
In [Fun05, Sect. 15.2] J.D. Deuschel and T. Funaki investigated (1.4) and gave reference to classi-
cal solution techniques as developed e.g. in [IW89]. The methods provided therein require more
restrictive assumptions on the drift part than in our situation (e.g. the drift is assumed to be
bounded and Lipschitz continuous), moreover, do not apply directly (the geometry and the behav-
ior on the boundary differ). First steps in the direction of applying [IW89] are discussed in [Fun05]
by J.-D. Deuschel and T. Funaki.
As far as we know the only reference that applies to the system of stochastic differential equations
(1.4) is [Gra88]. By means of a suitable choice of the coefficients the system of equations given
by [Gra88, (II.1)] coincides with (1.4), but amongst others the drift part is also assumed to be
Lipschitz continuous and bounded. For this reason, it is not possible to apply the results of [Gra88]
to the setting investigated by J.-D. Deuschel and T. Funaki, since the potential V naturally causes
an unbounded drift (see also Example 4.4). Moreover, the results of [Gra88] do not include strong
Feller properties of the associated semigroup.
3
2 Main results
Our paper is organized as follows. In Section 2 we state the required conditions on the density
as well as our main results. In Section 3 we recall some facts about sticky Brownian motion and
present the connections of the Dirichlet form constructed in [FGV16] to classical methods from
probability theory. In particular, we establish relations to random time changes and Girsanov
transformations. In Section 4 a Feller transition semigroup is constructed under the conditions
given in Section 2. This semigroup is used to construct a pointwise solution to (1.1) and the
corresponding Dirichlet form is identified. Moreover, in Section 5 the setting is applied to the
dynamical wetting model.
2 Main results
In the following we denote by dxi the one dimensional Lebesgue measure and by δ
i
0 the Dirac mea-
sure in 0, where i = 1, . . . , n gives reference to the component of x = (x1, . . . , xn) ∈ E = [0,∞)n.
Define the product measure dmn,β :=
∏n
i=1(dxi + βδ
i
0) on (E,B(E)). For an mn,β-a.e. defined
function ϕ on E and ∅ 6= B ⊂ I we wirte ϕ|E+(B) ∈ H1,2(E+(B)) if the restriction of ϕ to
E+(B) := {x ∈ E
∣∣ xi > 0 for all i ∈ B, xi = 0 for all i ∈ I \B} can be identified with an element
in the Sobolev space H1,2((0,∞)|B|). Furthermore, we denote by deuc the Euclidean metric.
We state the following proposition in order to be able to give afterwards suitable conditions on
the density ̺:
Proposition 2.1. There exists a diffusion processMn,β = (Ω,F , (Ft)t≥0, (Xt)t≥0, (Pn,βx )x∈E) (called
n independent sticky Brownian motions on [0,∞)) solving the SDE
dX it = 1(0,∞)(X
i
t)
√
2dBit +
1
β
1{0}(X it)dt, i = 1, . . . , n,
for every starting point x ∈ E, where (Bt)t≥0 is an n-dimensional standard Brownian motion,
and the transition semigroup (pn,βt )t>0 of M
n,β has the doubly Feller property, i.e., it is a Feller
transition semigroup which admits additionally the strong Feller property (see Definition 3.4).
Moreover, the Dirichlet form associated to n independent sticky Brownian motions on [0,∞) is
given by the conservative, strongly local, strongly regular symmetric Dirichlet form (En,β, D(En,β)),
i.e., the closure on L2(E;mn,β) of the bilinear form
En,β(f, g) =
∫
E
n∑
i=1
1{xi 6=0} ∂if ∂ig dmn,β for f, g ∈ C1c (E).
Condition 2.2. ̺ = φ2 is strictly positive and bounded such that ̺ ∈ C1(E) and
φ|E+(B) =
√
̺|E+(B) ∈ H1,2(E+(B)) for every ∅ 6= B ⊂ I. (2.1)
Moreover, for every t > 0 and every compact set D ⊂ E it holds
lim
k→∞
sup
x∈D
E
n,β
x (1{τk≤t} Zt) = 0, (2.2)
where (Zt)t≥0 is given by
Zt = exp
(√
2
n∑
i=1
∫ t
0
∂i lnφ(Xs)1(0,∞)(X is)dB
i
s −
n∑
i=1
∫ t
0
(∂i lnφ(Xs))
2
1(0,∞)(X is)ds
)
and τk := inf{t > 0| Xt /∈ [0, k)n} with (Xt)t≥0 and (Bt)t≥0 as stated in Proposition 2.1.
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Under the above assumptions on ̺ it holds:
Theorem 2.3. There exits a conservative diffusion process
M
n,β,̺ = (Ω,F , (Ft)t≥0, (Xt)t≥0, (Pn,β,̺x )x∈E)
on E with strong Feller transition function (pn,β,̺t )t≥0, i.e., p
n,β,̺
t (Bb(E)) ⊂ Cb(E), such that the
associated Dirichlet form is given by the closure of the symmetric bilinear form (En,β,̺,D) on
L2(E; ̺mn,β), where
En,β,̺(f, g) :=
∑
∅6=B⊂{1,...,n}
EB(f, g)
=
∫
E
n∑
i=1
1{xi 6=0} ∂if ∂ig ̺dmn,β for f, g ∈ D := C1c (E)
with
EB(f, g) :=
∫
E
∑
i∈B
∂if ∂ig ̺dλ
n,β
B ,
where dλn,βB := β
n−|B|∏
j∈B dxj
∏
j∈Bc δ
j
0. In particular, (p
n,β,̺
t )t≥0 fulfills the absolute continuity
condition [FOT11, (4.2.9)], i.e., the transition probabilities pn,β,̺t (x, ·), x ∈ E, t > 0, given by
pt(x,A) := P
n,β,̺
x (Xt ∈ A), A ∈ B(E), are absolutely continuous with respect to ̺mn,β.
Theorem 2.4. Let Mn,β,̺ be the diffusion process of Theorem 2.3. It holds for each i = 1, . . . , n
X it = X
i
0 +
√
2
∫ t
0
1(0,∞)(X is)dB
i
s +
∫ t
0
1(0,∞)(X is) ∂i ln ̺(Xs)ds+
1
β
∫ t
0
1{0}(X is)ds (2.3)
P
n,β,̺
x -a.s. for every x ∈ E, where (Bit)t≥0, i = 1, . . . , n, are independent standard Brownian
motions. Moreover, it holds
lim
t→∞
1
t
∫ t
0
F (Xs)ds =
∫
E
F̺dmn,β∫
E
̺dmn,β
(2.4)
P
n,β,̺
x -a.s. for every x ∈ E and F ∈ L1(E; ̺mn,β).
Remark 2.5. Let Γ ⊂ ∂E such that ∫
Γ
̺dmn,β > 0. Then it follows by (2.4) that
lim
t→∞
1
t
∫ t
0
1Γ(Xs)ds =
∫
Γ
̺dmn,β∫
E
̺dmn,β
> 0
P
n,β,̺
x -a.s. for every x ∈ E. This is for example the case for Γ = {xi = 0}, i = 1, . . . , n, and
confirms the sticky behavior of the process on the boundary.
Remark 2.6. (i) All proofs of the following results are still valid if ̺ is not necessarily strictly
positive, but Condition 2.2 additionally requires capEn,β,̺({̺ = 0}) = 0,
∇ lnφ = ∇φ
φ
∈ L∞
loc
(E\{̺ = 0};mn,β), (2.5)
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D is an arbitrary compact subset of E\{̺ = 0} and τk is defined by
τk := inf{t > 0| Xt /∈ [0, k)n\B 1
k
({̺ = 0})},
where B 1
k
({̺ = 0}) := {x ∈ E| infy∈{̺=0} deuc(x, y) ≤ 1k}. In this case, a strong Feller process
on the state space E1 := E\{̺ = 0} can be constructed and the corresponding Dirichlet form
is defined analogously but on the space L2(E1; ̺mn,β). The additional condition guarantees
that the constructed process (using a Girsanov transformation by (Zt)t≥0) never hits the set
{̺ = 0}. However, in this case it seems hard to verify the conditions for specific densities.
(ii) Note that Condition 2.2 implies φ ∈ D(En,β)loc ∩ Cb(E) and lnφ ∈ D(En,β)loc.
(iii) Condition 2.2 implies
∇ lnφ = ∇φ
φ
∈ L∞
loc
(E;mn,β),
since φ is assumed to be strictly positive and continuously differentiable.
(iv) (2.2) holds for example if supx∈D E
n,β
x (Z
p
t ) <∞ for some p > 1 (see Remark 4.7).
Remark 2.7. Let ̺ : E → (0,∞), ̺ = exp(−2H), be defined by a potential V with nearest neighbor
pair interaction, i.e., H is given by
H(x1, · · · , xn) = 1
4
∑
i,j∈{0,...,n+1}
|i−j|=1
V (xi − xj), (2.6)
where x0 := xn+1 := 0 and V : R→ [−b,∞), b ∈ [0,∞), fulfills the conditions of [Fun05, (2.2)]:
(i) V ∈ C2(R),
(ii) V is symmetric, i.e., V (r) = V (−r) for all r ∈ R,
(iii) V is strictly convex, i.e., c− ≤ V ′′(r) ≤ c+ for all r ∈ R and some constants c−, c+ > 0.
Denote by φ :=
√
̺ = exp(−H) the square root of ̺.
Define V′(i, x) for i = 1, . . . , n and x ∈ E by
V
′(i, x) :=
∑
j∈{0,...,n+1}
|i−j|=1
V ′(xi − xj).
In this case, Condition 2.2 is fulfilled and the stated results hold accordingly with the drift
function given by ∂i ln ̺ = −V′(i, ·), i = 1, . . . , n, i.e., Mn,β,̺ solves (1.4) for d = 1. Similarly,
we also obtain a solution for general d ∈ N, since the required conditions on H result from the
properties of V . d only affects the number of nearest neighbors.
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3 Sticky Brownian motion and Dirichlet form transformations
3.1 Sticky Brownian motion on the halfline
Define the Dirichlet form (Eˆ , D(Eˆ)) as the closure of
Eˆ(f, g) :=
∫
[0,∞)
f ′(x)g′(x)dx, f, g ∈ C1c ([0,∞)),
on L2([0,∞); dx). It is well-known that reflecting Brownian motion is associated to (Eˆ , D(Eˆ)) and
D(Eˆ) = H1,2((0,∞)) is the Sobolev space of order one.
Let (B˜t)t≥0 be a standard Brownian motion defined on a probability space (Ω,F ,P). Then Xˆt :=
|x + √2B˜t|, t ≥ 0, yields reflecting Brownian motion on [0,∞) starting at x ∈ [0,∞) and by
Tanaka’s formula
Xˆt = x+
√
2Bˆt + L
0+
t , t ≥ 0, (3.1)
where Bˆt :=
∫ t
0
sgn(x+
√
2B˜s)dB˜s, t ≥ 0, is a standard Brownian motion and (L0+t )t≥0 is the right
local time in 0, i.e.,
L0+t = lim
ε→0
1
ε
∫ t
0
1[0,ε)(Xˆs)ds
almost surely. Here, we differ from classical notation by the factor
√
2 (see also Remark 3.1).
The Dirichlet form associated to (Xˆt)t≥0 is (Eˆ , D(Eˆ)) and (L0+t )t≥0 is an additive functional which
is in Revuz correspondance with the Dirac measure δ0 in 0. Consider the additive functional
At := t+βL
0+
t , t ≥ 0, for some real constant β > 0. Note that A0 = 0 and At →∞ a.s. as t→∞.
Then sticky Brownian motion on [0,∞) is usually constructed by a random time change using the
right inverse (τ(t))t>0 of (At)t>0. More precisely, Xt := Xˆτ(t) (starting in x) solves the stochastic
differential equation
dXt = 1(0,∞)(Xt)
√
2dBt +
1
β
1{0}(Xt)dt, (3.2)
where (Bt)t≥0 is a standard Brownian motion. For details on Feller’s Brownian motions and in
particular, sticky Brownian motion and its transition semigroup, see e.g. [EP14], [KPS10] or
[Kni81].
In [FOT11, Chapter 6] and [CF12, Chapter 5] is presented how a random time change by an additive
functional affects the underlying Dirichlet form. Let mβ denote the Revuz measure corresponding
to (At)t≥0. Clearly, dmβ = dx+ βδ0. In particular, mβ has full quasi support [0,∞). Indeed, mβ
is a smooth measure and every set of measure zero with respect to mβ is in particular of measure
zero with respect to dx. As a consequence, every quasi open set of measure zero with respect to
mβ is of zero capacity in view of [FOT11, Lemma 2.1.7 (ii)]. Thus, the Dirichlet form (Eβ, D(Eβ))
on L2([0,∞);mβ) associated to (Xt)t≥0 has the representation
Eβ(f, g) = Eˆ(f, g) f, g ∈ D(Eβ) = D(Eˆ) ∩ L2([0,∞);mβ).
In particular, D(Eβ) = H1,2((0,∞))∩L2([0,∞);mβ) = H1,2((0,∞)) by Sobolev embedding. More-
over, C1c ([0,∞)) is dense in D(Eβ) by [CF12, Theorem 5.2.8(i)] and thus, it is a special standard
core of (Eβ, D(Eβ)). Hence, the closure of
Eβ(f, g) =
∫
[0,∞)
f ′(x)g′(x) dx =
∫
[0,∞)
1(0,∞)(x) f ′(x)g′(x) dmβ, f, g ∈ C1c ([0,∞)), (3.3)
on L2([0,∞);mβ) is the Dirichlet form associated to (Xt)t≥0.
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Remark 3.1. Note that our notion for the solution to the equations (3.1) and (3.2) as reflecting
Brownian motion and sticky reflecting Brownian motion on [0,∞) respectively differs by the factor√
2 from classical literature in view of the underlying SDE (1.1). If (Y γt )t≥0 solves
dY γt = 1(0,∞)(Y
γ
t )dBt +
1
γ
1{0}(Y
γ
t )dt for γ > 0,
we obtain the solution to (3.2) by setting Xt :=
√
2 Y
√
2β
t . This identity is useful in order to derive
the resolvent density and transition density for the solution to (3.2).
Let F be a locally compact separable metric space and denote by C0(F ) := {f ∈ C(F )| ∀ε >
0 ∃K ⊂ F compact : |f(x)| < ε ∀x ∈ F\K} the space of continuous functions on F vanishing
at infinity. We can specify the resolvent and transition semigroup of sticky Brownian motion on
[0,∞). [KPS10, Corollary 3.10, Corollary 3.11] state the following (see also [Kni81, Section 6.1]):
Theorem 3.2. The transition function (pβt )t>0 of sticky Brownian motion on [0,∞) yields a Feller
semigroup on C0([0,∞)), i.e., pβt (C0([0,∞))) ⊂ C0([0,∞)) and limt↓0 ‖pβt f − f‖∞ = 0 for each
f ∈ C0([0,∞)). For λ > 0, x, y ∈ [0,∞), the resolvent kernel rβλ(x, dy) of the Brownian motion
with sticky origin (i.e., the solution to (3.2)) is given by
rβλ(x, dy) =
rDλ (x,
y√
2
)√
2
dy +
1
2(
√
λ+ βλ)
(
2e
−√2λ(x+ y√
2
)
dy +
√
2β e−
√
2λxδ0(dy)
)
, (3.4)
where rDλ (x, y) =
1√
2λ
(e−
√
2λ|x−y| − e−
√
2λ(x+y)) is the resolvent density of Brownian motion with
Dirichlet boundary conditions.
Furthermore, by the inverse Laplace transform it follows that, for t > 0, the transition kernel
pβt (x, dy) of the Brownian motion with sticky origin is given by
pβt (x, dy) =
pDt (x,
y√
2
)
√
2
dy +
√
2g0,
√
2β(t, x+
y√
2
)dy + β g0,
√
2β(t, x) δ0(dy), (3.5)
where pDt (x, y) = p(t, x, y)−p(t, x,−y) is the transition density for Brownian motion with Dirichlet
boundary conditions, p(t, x, y) = 1√
2πt
e−
(x−y)2
2t and
g0,γ(t, x) =
1
γ
exp(
2x
γ
+
2t
γ2
) erfc(
x√
2t
+
√
2t
γ
), for γ > 0, t > 0, x ≥ 0,
with the complementary errorfunction erfc(x) = 2√
π
∫∞
x
e−z
2
dz, x ∈ R.
Remark 3.3. Note that (3.5) implies that pβt (x, ·) is absolutely continuous with respect to the
measure dmβ = dx + βδ0 for each x ∈ [0,∞), t > 0. Therefore, the so-called absolute continu-
ity condition [FOT11, (4.2.9)] is fulfilled. In the following we see that the transition semigroup
possesses even stronger properties.
Thus, with pβt (x, dy) as above and p
β
t , t > 0, the transition semigroup of sticky Brownian motion,
it holds
Ex(f(Xt)) = p
β
t f(x) =
∫
[0,∞)
f(y) pβt (x, dy)
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for each x ∈ [0,∞) and f ∈ C0([0,∞)). Furthermore, the resolvent rβλ is given by
Ex
( ∫ ∞
0
e−λsf(Xs)ds
)
=
∫ ∞
0
e−λspβsf(x)ds = r
β
λf(x) =
∫
[0,∞)
f(y) rβλ(x, dy).
The proof of Theorem 3.2 is based on the so-called first passage time formula (see [Kni81, (6.4)]).
Let λ > 0 and define Aβ := λ − (rβλ)−1 on D := rβλ(C0([0,∞))) (which is independent of λ). By
[Kni81, Theorem 6.2, Theorem 6.4] it holds that
Aβf = f ′′, f ∈ D = {f ∈ C0([0,∞)) ∩ C2([0,∞)| f ′′ ∈ C0([0,∞)) and βf ′′(0) = f ′(0)}. (3.6)
The condition βf ′′(0) = f ′(0) for f ∈ C2([0,∞)) is called Wentzell boundary condition.
Definition 3.4. Let F be a locally compact separable metric space. A transition semigroup pt,
t > 0, of an F -valued Markov process is said to have the Feller property if pt(C0(F )) ⊂ C0(F ) and
limt↓0 ‖ptf − f‖∞ = 0 for each f ∈ C0(F ). Furthermore, it is called strong Feller if pt(Bb(F )) ⊂
Cb(F ) for each t > 0. If the transition semigroup has both Feller and strong Feller property, we
say that it possesses the doubly Feller property.
We can also deduce the following:
Proposition 3.5. The transition semigroup (pβt )t>0 of sticky Brownian motion on [0,∞) has the
doubly Feller property.
Proof. In consideration of Theorem 3.2 it rests to show that pβt (Bb([0,∞))) ⊂ Cb([0,∞)). Let
f ∈ Bb([0,∞)) and t > 0. By the inequality
2√
π
∫ ∞
x
e−(z
2−x2) dz ≤ 2√
π
∫ ∞
x
e−(z−x)
2
dz = 1
it follows that erfc(x) ≤ e−x2 for each x ≥ 0. Let x ∈ [0,∞) and (xn)n∈N a sequence in [0,∞) such
that xn → x as n→∞. Then Gn(y) := f(y)g0,√2β(t, xn + y√2) converges for each fixed y ∈ [0,∞)
to G(y) := f(y)g0,
√
2β(t, x+
y√
2
) as n→∞ by continuity of g0,√2β in the second variable. Moreover,
for each y ∈ [0,∞) it holds
|Gn(y)| ≤ ‖f‖∞K1 exp(
√
2xn + y
β
)erfc(
xn√
2t
+
y
2
√
t
)
≤ ‖f‖∞K2 exp( y
β
)erfc(
y
2
√
t
)
≤ ‖f‖∞K2 exp( y
β
) exp(−y
2
4t
) =: H(y)
for suitable constants K1 and K2. Note that the function H is integrable with respect to the
Lebesgue measure on [0,∞). Thus, dominated convergence yields
∫
[0,∞)
Gn(y)dy →
∫
[0,∞)
G(y)dy
and by this, we can conclude that pβt f is continuous and bounded.
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Remark 3.6. Denote by (T βt )t≥0 the L
2([0,∞);mβ)-semigroup of (Eβ, D(Eβ)) defined in (3.3).
Then, by the previous considerations, for all f ∈ Bb([0,∞)) ∩ L2([0,∞);mβ) it holds that pβt f
is a µ-version of T βt f . Note also that the L
2([0,∞);mβ)-generator (L,D(L)) is given by
Lf(x) = 1(0,∞)(x)f ′′(x) + 1{0}(x)
1
β
f ′(x) for f ∈ D(L) = H2,2((0,∞)),
where H2,2((0,∞)) denotes the Sobolev space of order two. This can be shown using integration
by parts, the fact that D(E) = H1,2((0,∞)) and the definition of the space H2,2((0,∞)). For
f ∈ C2c ([0,∞)) ⊂ D(L) such that the Wentzell boundary condition βf ′′(0) = f ′(0) is fulfilled, it
holds Lf = f ′′ similarly to the generator of the C0([0,∞))-semigroup given in (3.6). However, in
the L2-setting the boundary behavior is rather described by the measure mβ instead of the domain
of the generator.
Next we will constuct the Dirichlet form corresponding to n independent sticky Brownian mo-
tions on [0,∞), n ∈ N. In [BH91, Chapter V, Section 2.1] it is shown how to construct finite
tensor products of Dirichlet spaces. Moreover, the corresponding semigroup of the product Dirich-
let form has an explicit representation. In our setting this construction yields the semigroup of an
n-dimensional process on E = [0,∞)n, n ∈ N, such that the components are independent sticky
Brownian motions on [0,∞). In particular, this approach justifies the choice of the Dirichlet form
structure used in [FGV16].
Let (Eβ, D(Eβ)) be the Dirichlet form on L2([0,∞);mβ) defined in (3.3). In accordance with
[BH91, Definition 2.1.1] we define the product Dirichlet form (En,β, D(En,β)) on L2([0,∞)n;mn,β)
with dmn,β =
∏n
i=1(dxi + βδ
i
0) by
En,β(f, g) :=
n∑
i=1
∫
[0,∞)n−1
Eβ(f(x1, . . . , xi−1, ·, xi+1, . . . , xn), g(x1, . . . , xi−1,·, xi+1, . . . , xn))
∏
j 6=i
(dxj + βδ
j
0) (3.7)
for f, g ∈ D(En,β), where
D(En,β) := {f ∈ L2([0,∞)n;mn,β)
∣∣ for each i = 1, . . . , n and for ∏
j 6=i
(dxj + βδ
j
0)− a.e.
(x1, . . . , xi−1, xi+1, . . . , xn) ∈ [0,∞)n−1 : f(x1, . . . , xi−1, ·, xi+1, . . . , xn) ∈ D(Eβ)}
First, we prove the following:
Lemma 3.7. C1c ([0,∞)n) is dense in D(En,β).
Proof. Note that C1c ([0,∞)n) ⊂ D(En,β) by definition of D(En,β).
W.l.o.g. let n = 2. By [BH91, Proposition 2.1.3 b)] D(Eβ)⊗D(Eβ) is dense in D(E2,β). We show
that C1c ([0,∞))⊗C1c ([0,∞)) ⊂ C1c ([0,∞)2) is dense in D(Eβ)⊗D(Eβ). Then the assertion follows
by a diagonal sequence argument. So let h ∈ D(Eβ) ⊗ D(Eβ) such that h(x1, x2) = f(x1)g(x2)
for m2,β-a.e. (x1, x2) ∈ [0,∞)2 and f, g ∈ D(Eβ). Choose sequences (fk)k∈N and (gk)k∈N in
C1c ([0,∞)) such that fk → f in D(Eβ) and gk → g in D(Eβ) as k → ∞ and define, for k ∈ N,
hk ∈ C1c ([0,∞)) ⊗ C1c ([0,∞)) by hk(x1, x2) := fk(x1)gk(x2), x1, x2 ∈ [0,∞). Then it follows
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immediately by assumption and the product structure that hk → h as k →∞ in L2([0,∞)2;m2,β).
Moreover, for k, l ∈ N
E2,β(hk − hl) =
∫
[0,∞)
Eβ((hk − hl)(·, x2))(dx2 + βδ20) +
∫
[0,∞)
Eβ((hk − hl)(x1, ·))(dx1 + βδ10)
≤ Eβ(fk − fl) ‖gk‖L2([0,∞);dx+βδ0) + Eβ(fl) ‖gk − gl‖L2([0,∞);dx+βδ0)
+ Eβ(gk − gl) ‖fk‖L2([0,∞);dx+βδ0) + Eβ(gl) ‖fk − fl‖L2([0,∞);dx+βδ0).
Hence, E2.β(hk − hl)→ 0 as k, l→∞ and thus, hk → h as k →∞ in D(E2,β).
Let f, g ∈ C1c ([0,∞)n). Then for each i = 1, . . . , n and fixed (x1, . . . , xi−1, xi+1, . . . , xn) ∈
[0,∞)n−1 we have
Eβ(f(x1, . . . , xi−1, ·, xi+1, . . . , xn), g(x1, . . . , xi−1, ·, xi+1, . . . , xn))
=
∫
[0,∞)
∂if(x1, . . . , xn) ∂ig(x1, . . . , xn) dxi.
Set {j 6= i} := {1, . . . , i− 1, i+ 1, . . . , n}. If A is a subset of some set I, we denote by Ac the set
I\A. Due to the identity
∏
j 6=i
(dxj + βδ
j
0) =
∑
A⊂{j 6=i}
β |A
c|∏
j∈A
dxj
∏
j∈Ac
δj0
we get by rearranging the terms that
En,β(f, g) =
∑
∅6=B⊂{1,...,n}
EB(f, g)
with
EB(f, g) :=
∫
[0,∞)n
∑
i∈B
∂if ∂ig dλ
n,β
B ,
where dλn,βB := β
n−|B|∏
j∈B dxj
∏
j∈Bc δ
j
0. In other words, (En,β, D(En,β)) defined in (3.7) coincides
with the form defined in [FGV16, (2.3)] disregarding that in our present setting the density function
̺ is identically one. Moreover, (3.7) can also be rewritten in the form
En,β(f, g) =
∫
E
n∑
i=1
1{xi 6=0} ∂if ∂ig dmn,β for f, g ∈ C1c (E).
From the present point of view (En,β, D(En,β)), defined as in (3.7), is the sum of n subforms and each
such form for i = 1, . . . , n describes the dynamics of the process on [0,∞)n for all configurations
where the i-th component is not pinned to zero. In contrast, the forms EB, ∅ 6= B ⊂ {1, . . . , n}
describe the dynamics of the process for all configurations where exactly the components specified
by B are non-zero.
By a minor generalization of the results in [FGV16] we get the following lemma:
Lemma 3.8. The Dirichlet form (En,β, D(En,β)) on L2([0,∞)n;mn,β), n ∈ N, is conservative,
strongly local, strongly regular and symmetric.
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Let x = (x1, . . . , xn), y = (y1, . . . , yn) ∈ [0,∞)n, n ∈ N. Then the transition kernel pn,βt (x, dy) of
n independent sticky Brownian motions on [0,∞) is given by
pn,βt (x, dy) =
n∏
i=1
pβt (xi, dyi).
Thus, for f ∈ C0([0,∞)n) we have
pn,βt f(x) =
∫
[0,∞)n
f(y1, . . . , yn)
n∏
i=1
pβt (xi, dyi).
With the definition
pˆβ,it f(x) := p
β
t f(x1, . . . , xi−1, ·, xi+1, . . . , xn)(xi)
this can be rewritten in the form
pn,βt f(x) = pˆ
β,n
t · · · pˆβ,1t f(x).
By Theorem 3.2 we have an explicit representation of pn,βt (x, dy) and presumably it is feasible to
use this representation in order to deduce the doubly Feller property for pn,βt similar to the one
dimensional case. Instead, we use a general approach which shows that the strong Feller property
transfers from (pβt )t>0 to the product semigroup. For this purpose, the following lemma is useful
which relies on Deni’s lemma and can be found in [Rev84, Chapter 1, Lemma 5.11] (also in the
context of strong Feller properties of product kernels):
Lemma 3.9. Let (E, d) be a locally compact separable metric space and κ a sub-Markovian kernel
on (E,B(E)). Moreover, assume that (gk)k∈N is a bounded sequence in Bb(E) with pointwise limit
g. Then the sequence (κgk)k∈N converges locally uniformly to κg.
Proposition 3.10. The transition semigroup (pn,βt )t>0 of n independent sticky Brownian motions
on [0,∞) has the doubly Feller property.
Proof. For simplicity assume again n = 2. By Theorem 3.2 (pβt )t>0 is a conservative Feller semi-
group and hence, it extends to a conservative Feller semigroup (p˜βt )t>0 on the one point compact-
ification [0,∞)∆ := [0,∞) ∪ {∆} as stated in [Kal97, Lemma 17.13]. This corresponds to an ex-
tension of the kernels pβt (x, dy), t > 0, x ∈ [0,∞), from ([0,∞),B([0,∞)) to ([0,∞)∆,B([0,∞)∆))
by setting
p˜βt (x,A) :=
{
pβt (x,A\{∆}), if x ∈ [0,∞)
δ∆(A), if x = ∆
for A ∈ B([0,∞)∆). Hence, the argument of [Kal97, Lemma 20.16] can be applied in use of
[Kal97, Theorem 3.29, Lemma 17.3] (note that [0,∞)∆ is metrizable, since [0,∞) is locally com-
pact, second countable and Hausdorff) and the transition semigroup of two independent sticky
Brownian motions on [0,∞) gives rise to a Feller semigroup (p˜2,βt )t>0 on C([0,∞)∆ × [0,∞)∆) of
two independent processes. We use the one point compactification, since the used results are for-
mulated for compact metric spaces. Let f ∈ C0([0,∞)2). Then, f extends uniquely to an element
f˜ ∈ C([0,∞)∆× [0,∞)∆) by setting f˜(x, y) := 0, whenever x = ∆ or y = ∆. This definition yields
p˜2,βt f˜(x1, x2) = p
2,β
t f(x1, x2) for (x1, x2) ∈ [0,∞)2 and p˜2,βt f˜(x1, x2) = 0 else.
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Consequently, the restriction of p˜2,βt f˜ to [0,∞)2 and thus, p2,βt f is an element of C0([0,∞)2).
Moreover, the strong continuity transfers directly from (p˜2,βt )t>0 to (p
2,β
t )t>0.
Let t > 0, f ∈ Bb([0,∞)2), (x1, x2) ∈ [0,∞)2 and ((xk1, xk2))k∈N a sequence in [0,∞)2 converging to
(x1, x2). Then, pˆ
β,1
t f(x
k
1, ·), k ∈ N, yields a bounded sequence in Bb([0,∞)) due to the boundedness
of f and the contraction property. Moreover, for fixed y ∈ [0,∞) it holds pˆβ,1t f(xk1, y)→ pˆβ,1t f(x1, y)
as k → ∞ by the strong Feller property of (pβt )t>0. Due to Lemma 3.9 we can conclude that the
sequence given by pβt applied to pˆ
β,1
t f(x
k
1, ·) converges locally uniformly to pβt applied to pˆβ,1t f(x1, ·).
Hence,
p2,βt f(x
k
1, x
k
2) = pˆ
β,2
t pˆ
β,1
t f(x
k
1, x
k
2)→ pˆβ,2t pˆβ,1t f(x1, x2) = p2,βt f(x1, x2) as k →∞
and thus, p2,βt (Bb([0,∞)2)) ⊂ Cb([0,∞)2).
Let (T βt )t≥0 be the L
2([0,∞);mβ)-semigroup of (Eβ, D(Eβ)). For f ∈ L2([0,∞)n;mn,β), i =
1, . . . , n, and mn,β-a.e. (x1, . . . , xn) ∈ [0,∞)n set
Tˆ β,it f(x1, . . . , xn) := T
β
t f(x1, . . . , xi−1, ·, xi+1, . . . , xn)(xi).
and
T n,βt f = Tˆ
β,1
t · · · Tˆ β,nt f.
By [BH91, Proposition 2.1.3 a)] (T n,βt )t≥0 is the L
2([0,∞)n;mn,β)-semigroup associated to the form
(En,β, D(En,β)) defined in (3.7) and the order of the Tˆ β,it , i = 1, . . . , n, is arbitrary.
Let f ∈ Bb([0,∞)n) ∩ L2([0,∞)n;mn,β). Then we have for mn,β-a.e. x = (x1, . . . , xn) ∈ [0,∞)n
Tˆ β,nt f(x1, . . . , xn) = T
β
t f(x1, . . . , xn−1, ·)(xn) = pβt f(x1, . . . , xn−1, ·)(xn) (3.8)
=
∫
[0,∞)
f(x1, . . . , xn−1, yn)p
β
t (xn, dyn)
and similarly
Tˆ β,n−1t Tˆ
β,n
t f(x1, . . . , xn) =
∫
[0,∞)
∫
[0,∞)
f(x1, . . . , xn−2, yn−1, yn)p
β
t (xn, dyn)p
β
t (xn−1, dyn−1). (3.9)
Proceeding successively as in (3.8) and (3.9), together with the preceding considerations, proves
Proposition 2.1.
3.2 Girsanov transformations
We summerize some results on Girsanov transformations of a Markov process and the associated
Dirichlet form. The statements can be found in [Ebe96], [Fit08] and [FOT11, Chapter 6]. In some
cases we do not state the results in full generality, since for our purposes it is sufficient to simplify
the assumptions.
Let M = (Ω,F , (Ft)t≥0, (Xt)t≥0, (Px)x∈F ) be a µ-symmetric strong Markov process with state
space F ⊂ Rn, n ∈ N, continuous sample paths and infinite lifetime, where µ is a positive Radon
measure on (F,B(F )) with full support. We suppose that the process is canonical, i.e., Ω =
C([0,∞), F ) and Xt(ω) = ω(t) for ω ∈ Ω and t ≥ 0. Moreover, assume that its Dirichlet form
(E , D(E)) on L2(F ;µ) is strongly regular (property (D1)), strongly local, conservative and that
it possesses a square field operator Γ (property (D2)). We denote its generator by (L,D(L)).
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Suppose that D := C1c (F ) a dense subspace of D(E), D(L) ∩ D is dense in D(E) and for every
f ∈ D it holds f,Γ(f) ∈ L∞(F ;µ). Denote by (pt)t>0 the transition semigroup of M, i.e., for
f ∈ Bb(F ) it holds
ptf(x) := Ex(f(Xt)),
and we suppose that the transition density pt(x, ·), x ∈ F , t > 0, possesses the absolute continuity
condition [FOT11, (4.2.9)].
A function f is said to be in D(E)loc (respectively D(E)b,loc) if for any relatively compact open set
G there exists a function (respectively bounded function) g ∈ D(E) such that f = g µ-a.e. on G.
Fix some φ ∈ D(E)b,loc ∩ Cb(F ) such that φ is strictly positive and lnφ ∈ D(E)loc. Define ̺ := φ2
and the symmetric bilinear form (E̺,D̺) by
D̺ := {f ∈ D(E)|
∫
F
(Γ(f) + f 2)̺dµ <∞}, (3.10)
E̺(f, g) :=
∫
F
Γ(f, g) ̺dµ.
In particular, D̺ = D(E), since ̺ is bounded.
Under the above assumptions the conditions (D1)-(D3) of [Ebe96] are fulfilled. The rather
general property (D3) holds, since the form (E , D(E)) is required to be strongly regular and D(L)∩
D is assumed to be dense in D(E). Moreover, ̺ is (locally) bounded and lnφ ∈ D(E)loc. Thus, by
[Ebe96, Theorem 1.1, Corollary 1.3] we can conclude the following:
Lemma 3.11. The symmetric bilinear form (E̺, D(E)) is densely defined and closable on
L2(F ; ̺µ) and its closure (E̺, D(E̺)) is a strongly local Dirichlet form. Moreover, (E̺, D(E̺)) =
(E̺,D)), i.e., D is a dense subset of D(E̺).
Due to [FOT11, Theorem 5.5.1] it is possible to give a Fukushima decomposition of the process
M of the form
lnφ(Xt)− lnφ(X0) = M [lnφ]t +N [lnφ]t Px − a.s. for each x ∈ F, t ≥ 0, (3.11)
where (M
[lnφ]
t )t≥0 is a martingale additive functional of locally finite energy and (N
[lnφ]
t )t≥0 is a
continuous additive functional of locally zero energy (see [FOT11, p.273]). The decomposition
holds indeed for every starting point in F , since the transition semigroup of M fulfills the absolute
continuity condition by the above assumptions. Note that the construction of the decomposition
(3.11) requires some localization argument using the definition of D(E)loc. In view of [FOT11,
Theorem 5.5.5] it is even possible to determine (M
[lnφ]
t )t≥0 and (N
[lnφ]
t )t≥0 more explicitly in more
specific cases.
Define the positive multiplicative functional (Zt)t≥0 by
Zt = exp(M
[lnφ]
t −
1
2
〈M [lnφ]〉t), t ≥ 0. (3.12)
Then, it is possible to define a ̺µ-symmetric diffusion
M
̺ := (Ω,F , (Ft)t≥0, (Xt)t≥0, (P̺x)x∈F )
by the formula
P
̺
x|Ft := Zt Px|Ft , x ∈ F,
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as stated in [Fit08, Section 1]. Thus, P̺x is locally absolutely continuous with respect to Px for
x ∈ F and the transition semigroup (p̺t )t>0 of M̺ is given by
p̺t f(x) = Ex(Ztf(Xt)), t ≥ 0,
for f ∈ Bb(F ). Let (Gk)k∈N be an increasing sequence of open, relatively compact subsets of F
such that F = ∪k∈NGk. In [Fit08, Section 1] it is shown that the results of [Fit97] apply to the
present setting and the Dirichlet form of M̺ is given by the closure of (E̺, C) on L2(F ; ̺µ), where
C :=
⋃
k∈N
{f ∈ D(E) ∩ L∞(F ;µ)| f˜ = 0 q.e. on F\Gk}.
Hence, the Dirichlet form of M̺ is (E̺, D(E̺)) in view of Lemma 3.11, since D ⊂ C ⊂ D(E).
We say that the process M̺ and the transition semigroup (p̺t )t>0 are the Girsanov transformation
of M and (pt)t>0 respectively by the multiplicative functional (Zt)t≥0.
4 Construction of the strong Feller transition semigroup
In [Chu85] criteria are given under which the doubly Feller property is preserved under the trans-
formation by a multiplicative functional (Zt)t≥0. This concept is extended in [CK09]. It is shown
that the conditions on (Zt)t≥0 can be weakened. Moreover, the setting is applied to Feynman-Kac
and Girsanov transformations. In particular, precise conditions on the Revuz measure of the un-
derlying additive functionals are given. We quote a result of [CK09] concerning the preservation
of the doubly feller property under Girsanov transformations. Since we deal with strong Markov
processes with continuous sample paths, we restrict the results to this setting instead of stating
them in full generality.
Let M = (Ω,F , (Ft)t≥0, (Xt)t≥0, (Px)x∈F ) be again a µ-symmetric strong Markov process with
state space F ⊂ Rn, n ∈ N, continuous sample paths and infinite lifetime, where µ is a positive
Radon measure on (F,B(F )) with full support. As before, denote by (pt)t>0 the transition semi-
group of M. Assume that (pt)t>0 possesses the doubly Feller property.
Let rλ(x, y), λ > 0, x, y ∈ F , be the resolvent kernel of M, i.e., the resolvent (rλ)λ>0 of M is given
by
rλf(x) =
∫
F
f(y)rλ(x, y)dµ(y)
for f ∈ Bb(F ), λ > 0 and x ∈ F . For a Borel measure ν on B(F ) we define the λ-potential of ν by
Rλν(x) :=
∫
F
rλ(x, y)dν(y), λ > 0.
Let B be a non-empty open subset of F and denote by B∆ := B ∪ {∆} the one-point compactifi-
cation of B. Define (XBt )t≥0 by
XBt :=
{
Xt if t < τB
∆ if t ≥ τB
where τB := inf{t > 0| Xt /∈ B}. The transition semigroup of (XBt )t≥0 is given by
pBt (x,A) = Px(Xt ∈ A, t < τB)
and
pBt (x, {∆}) := 1− pBt (x,B), pBt (∆, {∆}) := 1,
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for x ∈ B, A ∈ B(B). A function f ∈ Bb(F ) is extended to ∆ by setting f(∆) = 0. For functions
of this form, the transition semigroup of (XBt )t≥0 reads
pBt f(x) = Ex(f(Xt)1{t<τB}).
The set B is called regular if for each x ∈ F\B, we have Px(τB = 0) = 1.
Let (Mt)t≥0 be a continuous locally square integrable martingale additive functional and denote
by µ〈M〉 the Revuz measure of (〈M〉t)t≥0. Furthermore, the transition semigroup (p˜Bt )t≥0 is given
by
p˜Bt f(x) := Ex(Ztf(Xt)1{t<τB}),
where Zt := exp(Mt− 12〈M〉t), t ≥ 0 and corresponds to the process obtained from M̺ (see Section
3.2) killed when leaving B. In the special case B = F this definition reduces to the transition
semigroup of M̺.
Definition 4.1. A Borel measure ν on B(F ) is said to be of
(i) Kato class if limλ→∞ supx∈F Rλν(x) = 0,
(ii) extended Kato class if limλ→∞ supx∈F Rλν(x) < 1,
(iii) local Kato class if 1Kν is of Kato class for every compact set K ⊂ F .
Theorem 4.2. Assume that 1
2
µ〈M〉 is a positive Radon measure of local and extended Kato class
and let B be a regular open subset of F . Then (p˜Bt )t≥0 has the doubly Feller property. Moreover,
(Zt)t≥0 is a martingale and
lim
t→0
sup
x∈D
Ex(|Zt − 1|1{t<τD}) = 0 for any relatively compact open set D ⊂ B,
sup
0≤s≤t
sup
x∈B
Ex(Z
p
s1{s<τB}) <∞ for some p > 1 and each t > 0.
Proof. See [CK09, Theorem 3.3].
Let
M
n,β = (Ω,F , (Ft)t≥0, (Xt)t≥0, (Pn,βx )x∈E)
be the process of Proposition 2.1 with doubly Feller transition semigroup (pn,βt )t>0 and Dirichlet
form (En,β, D(En,β)) on L2(E;mn,β). Denote by (rn,βλ )λ>0 the resolvent, by rn,βλ (x, y), x, y ∈ E,
λ > 0, its density with respect to mn,β, by R
n,β
λ ν the λ-potential of some Borel measure ν for λ > 0
and by En,βx the expectation with respect to P
n,β
x , x ∈ E. Similarly as before we also write Rβλ
instead of R1,βλ etc. in the case n = 1. In the following, we introduce a density function ̺ = φ
2.
Under suitable conditions on φ it is possible to perform a Girsanov transformation such that the
transition semigroup of the transformed process Mn,β,̺ still possesses the strong Feller property
(or even the doubly Feller property). By the preceding section the transformed Dirichlet form is
of the form considered in [FGV16]. In this way, we are able to strengthen the results in [FGV16].
Remark 4.3. For functions φ such that the conditions of Theorem 4.2 are fulfilled for (Zt)t≥0
as in (3.12) and B = E, we immediately get that the transition function has the doubly Feller
property and the process Mn,β,̺ solves (1.1) for every starting point in E. Unfortunately, we are
also interested in densities ̺ such that the corresponding Revuz measure is not of extended Kato
16
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class. Such potentials are of particular interest for the application to the so-called wetting model
in the theory of stochastic interface models. For this reason, we construct a strong Feller transition
semigroup for a larger class of densities using Theorem 4.2 and an approximation argument. A
direct application fails, since the Kato condition on µ〈M〉 ensures that the drift caused by the
Girsanov transformation does not "explode". However, this criterion does only take into account
the variation of the drift, but not its direction, which is of particular importance in our setting.
Example 4.4. Let n = 1 and φ(x) := exp(−1
4
x2). In this case, (lnφ)′(x) = −1
2
x. Hence, we expect
that the process M1,β,φ
2
has the representation
dXt =
√
2 1(0,∞)(Xt)dBt −Xt 1(0,∞)(Xt)dt+ 1
β
1{0}(Xt)dt.
Note that the additional drift term is always non-positive, since Xt ∈ [0,∞) for all t > 0 and thus,
it attracts the process to 0. However, the logarithmic derivative of φ is unbounded and the energy
measure is even not of extended Kato class. Indeed,
Rλµ〈lnφ〉(x) =
∫
[0,∞)
rβλ(x, y)dµ〈lnφ〉(y)
=
∫
[0,∞)
( 1√
2λ
(e−
√
2λ|x−y| − e−
√
2λ(x+y)) +
1√
2λ+
√
2βλ
2e−
√
2λ(x+y)
)
y2dy
is unbounded in x for each fixed λ > 0, since
∫
[0,∞)
1√
2λ
e−
√
2λ|x−y| y2dy =
1
λ
x2 − 1
2λ2
e−
√
2λx +
1
λ2
→∞ as x→∞,
whereas the remaining terms converge to 0 as x→∞. Thus, it is not possible to apply Theorem
4.2 to this specific choice of φ.
Assume that φ is given such that Condition 2.2 is fulfilled and additionally φ ∈ C2(E). This
additional condition will also be assumed later on. Then, Itô’s formula yields
M
[lnφ]
t =
√
2
n∑
i=1
∫ t
0
∂i lnφ(Xs) 1(0,∞)(X is)dB
i
s, t ≥ 0. (4.1)
If we do not assume the additional condition φ ∈ C2(E) the same representation follows by an
approximation argument. Fix some relatively compact, open subset G of E and let u ∈ C1c (E) ⊂
D(En,β) be given such that u = lnφ on G. Moreover, choose a sequence (uk)k∈N in C2c (E) such that
uk → u as k →∞ in C1-norm. In particular, the convergence holds with respect to the En,β1 -norm.
Then, M
[lnφ]
t = M
[u]
t for t < τG = inf{t > 0| Xt /∈ G}, M [u]t = limk→∞M [uk]t a.s. for t ≥ 0 and
M
[uk ]
t =
√
2
n∑
i=1
∫ t
0
∂iuk(Xs) 1(0,∞)(X is)dB
i
s, t ≥ 0.
Furthermore, due to the uniform convergence of the sequence (∂iuk)k∈N and the Itô isometry it
follows that
E
n,β
x
( n∑
i=1
( ∫ t
0
∂iuk(Xs) 1(0,∞)(X is)dB
i
s −
∫ t
0
∂iu(Xs) 1(0,∞)(X is)dB
i
s
)2)
17
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=En,βx
( n∑
i=1
( ∫ t
0
(∂iuk − ∂iu)(Xs) 1(0,∞)(X is)dBis
)2)
≤En,βx
( n∑
i=1
∫ t
0
(∂iuk − ∂iu)2(Xs) ds
)
→ 0 as k →∞.
In particular, it holds a.s. convergence for a subsequence and hence, using u = lnφ on G we get
M
[lnφ]
t = M
[u]
t =
√
2
n∑
i=1
∫ t
0
∂i lnφ(Xs) 1(0,∞)(X is)dB
i
s, t < τG,
P
n,β
x -a.s. for every x ∈ E.
Example 4.5. Let ∇ lnφ additionally be essentially bounded w.r.t. mn,β. Then 12µ〈lnφ〉 = 12µ〈M [lnφ]〉
is of local and extended Kato class.
Let k ∈ N and K := [0, k)n as well as τk := inf{t > 0| Xt /∈ K}. Let φk be given such that
φk = φ onK, Condition 2.2 is fulfilled for φk and∇ lnφk ∈ L∞(E;mn,β). We define the exponential
functional (Zkt )t≥0 by
Zkt := exp(M
[lnφk]
t −
1
2
〈M [lnφk]〉t).
Note that we are in fact only interested in the restriction of φ to the set K, since the function is
used to define a Girsanov transformation of (pn,βt )t>0 which is killed when leaving K. Nevertheless,
in order to give meaning to Zkt for t ≥ τk, we extend φk to E.
Theorem 4.6. Let ̺ = φ2 be given as in Condition 2.2 and Zt = exp(M
[lnφ]
t − 12〈M [lnφ]〉t), t ≥ 0.
Then the transition function (pn,β,̺t )t≥0 defined by p
n,β,̺
t f(x) = E
n,β
x (Ztf(Xt)) for f ∈ Bb(E) and
x ∈ E which corresponds to the strong Markov process Mn,β,̺ has the strong Feller property.
Proof. K is regular, i.e., Pn,βx (τk = 0) = 1 for each x ∈ E\K, since Mn,β has continuous sample
paths. We define the transition function (pkt )t≥0 similar as (p
n,β,̺
t )t≥0 by p
k
t f(x) := E
n,β
x (Z
k
t f(Xt)1{t<τk}).
By the assumptions on φk, Example 4.5 and Theorem 4.2, (p
k
t )t≥0 has the doubly Feller property
for each k > 0. Let f ∈ Bb(E) and choose a constant C(f) < ∞ such that |f(x)| ≤ C(f) for all
x ∈ E. Clearly, pn,β,̺t f ∈ Bb(E). Hence, it suffices to show the continuity of pn,β,̺t f . We have for
x ∈ D := [0, d]n, d > 0,
|pn,β,̺t f(x)− pkt f(x)| = |En,βx (Ztf(Xt))− En,βx (Zkt f(Xt)1{t<τk})|
= |En,βx (Ztf(Xt)1{t≥τk})|
≤ C(f) |En,βx (Zt1{t≥τk})|
≤ C(f) sup
x∈D
|En,βx (Zt1{t≥τk})| → 0 as k →∞.
uniformly on D by (2.2). Hence, pn,β,̺t f is continuous on D for each d > 0 and so p
n,β,̺
t f ∈
Cb(E).
Remark 4.7. Let D ⊂ E be compact. Then limk→∞ supx∈D En,βx (1{τk≤t} Zt) = 0 holds for example
if there exists some p > 1 such that supx∈D E
n,β
x (Z
p
t ) < ∞. Indeed, let 1 < q < ∞ such that
1
p
+ 1
q
= 1. Then
sup
x∈D
E
n,β
x (1{τk≤t}Zt) ≤ sup
x∈D
E
n,β
x (Z
p
t )
1
p sup
x∈D
(
P
n,β
x (τk ≤ t)
) 1
q .
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5 Application to the dynamical wetting model
Define Ct := maxi=1,...,nmax0≤s≤tX is for t ≥ 0. Then for x ∈ D and k > d
P
n,β
x (τk ≤ t) ≤ Pn,β0 (Ct ≥ k − d) ≤ n
√
t
2π
4
k − d exp(−
(k − d)2
2t
) =: C(k)→ 0 as k →∞
due to [KS98, p.96,(8.3)’], since the new time scale (τ(t))t≥0 fulfills τ(t) ≤ t for every t ≥ 0 and
hence, Ct ≤ maxi=1,...,nmax0≤s≤t |Bis| almost surely with respect to Pn,β0 .
Proof of Theorem 2.3. By Section 3.2 there exists a strong Markov process Mn,β,̺ with transition
semigroup (pn,β,̺t )t≥0 and the Dirichlet form associated toM
n,β,̺ is given by the closure of (En,β,̺,D)
on L2(E; ̺mn,β). Note that in this case D ∩D(L) ⊃ C2c (E) and C2c (E) is also dense in D(En,β).
Indeed, Lemma 3.7 is based on the fact that C1c ([0,∞)) is dense for the one dimensional form which
also holds for C2c ([0,∞)) (and even C∞c ([0,∞))) by [CF12, Theorem 5.2.8(i)]. The strong Feller
property is shown in Theorem 4.6 and the last statement holds by [FOT11, Exercise 4.2.1].
Proof of Theorem 2.4. The statement follows by the results proven in [FGV16, Corollary 4.18,
Theorem 5.6] considering that the absolute continuity condition [FOT11, (4.2.9)] is fulfilled.
Remark 4.8. Assume additionally that
E
n,β
x
(
exp(
n∑
i=1
∫ t
0
(∂i lnφ(Xs))
2
1(0,∞)(X is) ds)
)
<∞
for every x ∈ E and t > 0. Then, the solution to (2.3) is even unique in law in view of [IW89,
Chapter IV, Theorem 4.2].
5 Application to the dynamical wetting model
5.1 Densities corresponding to potential energies
In the following, let φ ∈ C2(E) be strictly positive such that φ|E+(B) ∈ H1,2(E+(B)) for every
∅ 6= B ⊂ I. Set H := − lnφ (thus, φ = exp(−H)) and assume additionally that there exist real
constants K1 ≥ 0, K2 and K3 such that
(i) H(x) ≥ −K1 for all x ∈ E,
(ii) ∂iH(x) ≤ K2 for all x ∈ {xi = 0} := {x ∈ E| xi = 0}, i = 1, . . . , n,
(iii) ∂2iH(x) ≤ K3 for all x ∈ E, i = 1, . . . , n.
If we can verify (2.2), Condition 2.2 is fulfilled and thus, the results of Theorem 2.3 and Theorem
2.4 hold accordingly.
Using (4.1) and Itô’s formula we see that
M
[lnφ]
t −
1
2
〈M [lnφ]〉t =
√
2
n∑
i=1
∫ t
0
∂i lnφ(Xs)1(0,∞)(X is)dB
i
s −
n∑
i=1
∫ t
0
(
∂i lnφ(Xs)
)2
1(0,∞)(X is)ds
= H(X0)−H(Xt) + 1
β
n∑
i=1
∫ t
0
∂iH(Xs)1{0}(X is)ds (5.1)
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+
n∑
i=1
∫ t
0
(
∂2iH(Xs)− ∂iH(Xs)2
)
1(0,∞)(X is)ds
≤ H(x) +K1 + n
β
K2t + nK3t
P
n,β
x -a.s. for each x ∈ E.
Let p > 1 be arbitrary, D ⊂ E compact. Then it holds
sup
x∈D
E
n,β
x (Z
p
t ) ≤ exp
(
p (sup
x∈D
H(x) +K1 +
n
β
K2t+ nK3t)
)
<∞ for every t > 0.
Thus, in view of Remark 4.7, (2.2) holds true.
5.2 Densities corresponding to potential energies given by pair potentials
Assume thatH is given by a potential with nearest neighbor pair interaction, i.e., H is defined as in
(2.6). In particular, κ :=
∫
R
exp(−V (r))dr <∞, V is convex, V ′(0) = 0 and V ′ is non-decreasing.
Then, we have H(x) ≥ −K1, K1 ≥ 0, since V is bounded from below. Moreover,
∂iH(x) =
1
2
∑
j∈{0,...,n+1}
|i−j|=1
V ′(xi − xj)
(
=
1
2
V ′(xi − xi−1) + 1
2
V ′(xi − xi+1)
)
for i = 1, . . . , n and
∂2iH(x) =
1
2
∑
j∈{0,...,n+1}
|i−j|=1
V ′′(xi − xj)
(
=
1
2
V ′′(xi − xi−1) + 1
2
V ′′(xi − xi+1)
)
.
Since ∂iH(x) =
1
2
(V ′(−xi−1) + V ′(−xi+1)) ≤ 0 if xi = 0, we get ∂iH(x) ≤ 0 for all x ∈ {xi = 0}
and furthermore, ∂2iH(x) ≤ K3 , i = 1, . . . , n, since V ′′ is bounded by a constant c+. Thus, (i)-(iii)
of Section 5.1 are fulfilled. Furthermore, the condition φ|E+(B) ∈ H1,2(E+(B)) for every ∅ 6= B ⊂ I
with φ = exp(−H) is satisfied in view of [FGV16, Remark 6.3, Remark 6.4].
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